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Abstract. We define a notion of equivariant non-degeneracy of G-maps to 
introduce the class of equivariantly non-degenerate flows on smooth compact 
manifolds with compact Lie group action. We prove genericity of this class 
and use this result to construct an equivariant version of the Fuller index, 
which detects group orbits of periodic orbits of the flow, distinguished by their 
isotropy. 



1. Introduction 

In 1967, B. Fuller in [14] denned a rational homotopy invariant for flows that has 
properties similar to those of the classical fixed point index, as is discussed in e.g. 
[22) . Locally, Fuller's index is the fixed point index of a Poincare map for a periodic 
orbit, multiplied with the inverse ^ of its multiplicity. Chow and Mallet-Paret gave 
a construction of Fuller's index using bifurcation theory in [7]. In particular, they 
clarified the dynamical reason why the correcting factor ^ has to be introduced, 
which is the occurrence of period multiplying bifurcations. 

In the last decades, there have been considerable advances in the theory of indices 
for equivariant maps. Ize and Vignoli [17] defined an equivariant mapping degree, 
compare also pQ. Equivariant fixed point indices have been constructed by Luck 
and Rosenberg in [19] for discrete groups and independently by Dzedzej in [8] and 
Chorny [6] for arbitrary compact Lie groups. The basic feature of such invariants is 
the property that, in addition to the classical properties of an index, they can detect 
the symmetries of fixed points (or zeros, in the case of the equivariant degree). 

In this paper we are going to construct a Fuller-like index for equivariant flows. 
This will be an element in the group ©(#) Q, where (H) runs through the or- 
bit types of the underlying G- manifold M. It will be invariant under equivariant 
homotopies of vector fields whose periodic orbits have a prescribed period in a 
compact interval, bounded away from zero. Furthermore, non-vanishing of its (H )- 
component will imply existence of a periodic orbit of the field of isotropy type at 
least (H). 

The construction of the index requires methods of generic equivariant bifurcation 
theory, which we will develop first. Though most of these results are well-known to 
experts, it is hard to find a concrete reference. Therefore, we develop the generic 
equivariant bifurcation picture from scratch. The point of view taken here is that 
genericity should be viewed as a sort of equivariant transversality of a graph map 
to the diagonal. Crucial results like the genericity of finiteness of fixed points 
and finiteness of bifurcation parameters are obtained easily from the theory of 
equivariant transversality. This abstract point of view allows to generalize the non- 
equivariant construction of Chow and Mallet-Paret almost verbatim, after carefully 
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checking that every step is admissible. We also emphasize that the construction is 
not possible when using the notion of G-hyperbolicity. The generality of equivariant 
non-degeneracy is crucial to obtain the generic equivariant bifurcation picture of 
homotopies needed for this approach. 

The paper is organized as follows. After some preliminaries, we will define equi- 
variant Poincare systems in Section 3 to be able to investigate vector fields by 
means of associated equivariant Poincare maps. In Section 4, we review the theory 
of transversality to stratified sets, which is the basis for the theory of equivariant 
transversality, and we quote the corresponding genericity result, the Thom-Mathcr 
Theorem 14^1 

Section 5 is central to the paper. We define the notion of equivariant non- 
degeneracy and prove the corresponding equivariant Thom-Mather Theorem 15.101 
We also establish via Theorem l5.9l that G-homotopies generically avoid certain high- 
codimensional subsets. This is crucial for the applications to fixed point theory. 

In Section 6, we use a different, directly geometric approach to establish generic- 
ity theorems for vector fields and their homotopies. The basic method is to reduce 
the problems to investigations of equivariant Poincare maps, and then to apply the 
results of Section 5 to these maps. Though the theory of equivariant non-degeneracy 
helps on the level of Poincare maps, it can not be used directly for vector fields, since 
we are dealing with flows instead of general G-maps. Theorem 16.31 together with 
Theorem 15. 101 establishes a complete bifurcation picture for equivariant maps and 
equivariant vector fields. Generically, finitely many branches of critical elements 
undergo finitely many bifurcations. 

In Section 7, we will give a definition of an equivariant Fuller index based on 
the techniques of Chow and Mallet-Paret. Then we will use the generic bifurcation 
picture to prove that the equivariant Fuller index is indeed G-homotopy invariant. 

2. Preliminaries 

We begin by establishing some notions and notations from the theory of equi- 
variant topology and dynamical systems. 

In this paper, G will always denote a compact Lie group. An action of G on 
a topological space A is a map G x A — > A, denoted by (g,x) *-> g.x, such that 
(gh).x — g.(h.x) and e.x — x for all j,li£G,i£X. We sometimes also deal with 
maps A x G — > A with the obvious modifications and then speak of left and right 
G-actions, respectively. Maps between topological spaces will always be continuous, 
and maps between smooth manifolds will always be smooth, unless stated otherwise 
explicitly . 

The following spaces will turn up frequently. The orbit of a point x G A is the 

set 

Gx = {g.x \geG}. 
The isotropy subgroup G x of a point x S A is the group 

G x = {g G G | g.x = x}. 

There is the well-known homeomorphism G — slash/ G x = Gx, which is a diffeo- 
morphism if A is a manifold. If H is any closed subgroup of G, we let (H) denote 
its equivalence class under conjugacy, i.e. H = K 3 g e G : gHg^ 1 = K. The 
isotropy type of a point a; £ A is the conjugacy class (G x ) of its isotropy subgroup. 
For x <E A, G gx = gG x g~ l , and hence, (G x ) — (G gx ). There is a partial order on 
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the set of isotropy types, or more general on the set of conjugacy classes of closed 
subgroups. It is defined by 

(H) < (K) 3 g G G : gHg' 1 C K. 
With this notion, we can define various fixed spaces in X , namely 
X H = {x G X | h.x = x V/i G H}, 
X {H) = {xeX \ (G x ) = (H)}, 
X> {H ) = {xeX\ (G x ) > (H)}. 
Intersections of these spaces will be labelled in the obvious way, e.g. X^ H y If X 
is a manifold, the sets X H and Xi H \ are submanifolds of X. In general, -XVm is 
G-invariant and X H admits an action of the normalizer N(H) of H in G. Since 
H fixes X H , there is an induced action of the so called Weyl group W(H) = 
N(H) — slash/ H . This is not to be confused with the Weyl group of a Lie group 
G, which is, in our words, the Weyl group of a maximal torus T C G. 

An important construction we will need is the twisted product of a right iJ-space 
X with a left -ff-space Y. The product X xY carries the (left) if-action h.(x, y) — 
(x.h^ 1 , h.y), and the quotient space is denoted by X Xh Y. If X also carries a 
left G-action that is compatible with the ii-action, namely (g.x).h = g.(x.h) for all 
xEX,gEG,he H, then X Xh Y carries a left G-action by g.[x,y] = [g.x,y]. 
Here, [x, y] denotes the equivalence of (x, y) in the group quotient. In most cases, 
we will have X = G, H a subgroup of G, and the actions on G will be left- and 
right translation. 

Most prominently, twisted products turn up as tubular neighbourhoods of G- 
orbits. Every G-orbit Gx in a G-manifold M has a neighbourhood G-diffeomorphic 
to a space G Xjj V, where V is an 77-representation. If M is Riemannian, V can 
be taken to be the normal space of Gx at x, that is, the orthogonal complement 
of T x Gx in T X M . The image of V under such a diffeomorphism is called a slice 
at x, in the Riemannian case it is called a normal slice. The neighbourhood itself 
is called a tubular neighbourhood of Gx. From e.g. [5], it is well known that 
any compact G-manifold with G a compact Lie group admits the structure of a 
Riemannian manifold such that G acts via isometries. We will therefore assume 
henceforth that the Riemannian structure is implicitly included in the notion of a 
G-manifold. In particular, we will be able to speak of orthogonality of subspaces of 
tangential spaces. For more details on the general theory of G- manifolds, see [5]. 
We refer to this book as well when it comes to structural results of G-spaces and 
G-manifolds. 

In the following, we assume that X — M is a manifold and all maps under 
consideration are smooth. 

From the dynamical viewpoint, we will be interested in fixed points of maps and 
periodic orbits of flows. A flow is nothing else than a (right) action of R on M, 
so an equivariant flow ip : M X R — > M gives rise to a (G x M)-action on M by 
(<?, t).x = ip(g.x, t). Fixed points and periodic orbits are called the critical elements 
of either the map / or the flow <p, respectively. It is obvious that the sets of fixed 
points and periodic orbits of an equivariant map or an equivariant vector field are 
G-invariant. 

In addition to the above, a periodic orbit, for us, is always to be considered 
together with a fixed period T > so that <p(x,T) — x. Furthermore, we assume 
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that all periodic orbits have a minimal p > satisfying this condition, i.e. the 
periodic orbit is not a fixed point of the flow. If we have to investigate the underlying 
subspace of M, given by 7 = (G x M).x, we speak of the geometric periodic orbit. 

All our genericity investigations will use the Whitney topology on mapping 
spaces of smooth maps. For smooth manifolds M, N, we will denote such spaces by 
C°°(M, TV). The subspace of equivariant maps with respect to a smooth G-action is 
denoted by Cq(M, N). In most cases, when the involved spaces are compact, the 
Whitney topology agrees with the C°°-topology of uniform convergence of the map 
itself and all its derivatives. 

A simple notion of non-degeneracy for equivariant critical elements is provided 
by the notion of G-hyperbolicity. Recall from [13] or [16] that a fixed G-orbit of 
an equivariant self map is G-hyperbolic, if the tangential bundle over the orbit 
splits into a central bundle, corresponding to the directions of the group action, an 
expanding and a contracting bundle. Once we have equivariant Poincare systems 
at hand, this concept can be carried over to define G-hyperbolic periodic orbits. 

It is shown in [13] that G-hyperbolicity is generic for G-maps and G-vector 
fields. G-hyperbolic critical elements are isolated and depend continuously on the 
map or flow. Furthermore, the orbit type of G-hyperbolic critical elements is locally 
constant. The notion of G-hyperbolicity will be too rigid for our needs, for example 
it is not a simple task to define G-hyperbolicity of homotopies. We will however 
sometimes use the aforementioned genericity results. 

3. Equivariant Poincare Systems 

Our method of investigating periodic orbits relies on the notion of equivariant 
Poincare systems, which shall be developed in the following. In contrast to the 
common definition of equivariant Poincare systems, our systems will in general 
not be centered at a G-orbit that is contained in a periodic orbit. The reason for 
this is that later on, we want to be able to push such a system along a branch of 
fixed points of the associated Poincare maps. If these maps undergo a saddle-node 
bifurcation, we will have fixed points on one side of the critical parameter, but no 
fixed points on the other side. We still want to be able to grasp this situation by 
means of Poincare systems. Therefore, our systems do not start with G-orbits in a 
periodic orbit, but we start with a G-orbit that returns to a given equivariant disc, 
see Definition [T] below, after a given time. 

Definition 1. Let M be a G-manifold, 7 C M a G-orbit and U = G Xjj V a 
tubular neighbourhood for Gx, H = G x . Assume that dimV H > 0. Let L be a 1- 
dimensional subspace of V H and L an invariant orthogonal complement in V. Let 
p : V — > L be the orthogonal projection and 7r:Gx#F— s-Gx#L, [g, v] i-)- [g,pv]. 
The image of the pullback of this bundle to the orbit Gx in U is called an equivariant 
disc in M, centered at 7. The image in U of the pullback of a disc subbundle of ir 
is called an equivariant subdisc (of the disc defined above). 

More generally, the above definition gives the notion of a codimension 1 equi- 
variant disc, but we will not need greater generality. Under the identification 
U = G x H V, an equivariant disc centered at [G, 0] can be identified with the 
subspace G x H B(L ± ), where B(W) denotes the unit ball in W. 

Equivariant discs are the possible domain of definition for equivariant Poincare 
maps. Let £ be an equivariant vector field, <p its flow. Assume 7 is a G-orbit that 
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is not fixed by the flow, i.e. there is a t > such that tp(x,t) (£ 7 for some x G 7. 
Then there exists an e > such that p is an equivariant embedding of 7 x (— e, e) 
into M. If (i?) is the orbit type of 7, in a suitable tubular neighbourhood G x# V 
of 7 this can be interpreted as the embedding of the subspace G Xh L into GxjjV, 
where L C V H is a one-dimensional subspace (corresponding to the direction of 
the flow). Let D be the equivariant disc defined by G x# V and L. Assume that 
7 returns to D in finite time. Since 7 is not fixed by the flow, there is a minimal 
T > such that 95(7, T) C D and in addition, £(x) £ T X D for all x e D. By 
continuity of there is a subdisc D' Q D containing 7 and a continuous invariant 
function t : D' -> M+, £(7) = T, such that p{y,t(y)) 6 D for all y e D'. By the 
implicit function theorem, t is smooth and thus, the map 

P:D'^D, y^p(y,t(y)) 

is a smooth equivariant embedding. 

Definition 2. The collection (Z>, D', P, t) is called an equivariant Poincare system, 
centered at 7. P is the equivariant Poincare map. 

It is crucial that equivariant Poincare systems are stable under small perturba- 
tions in the defining vector field. 

Proposition 3.1. Let £ : M TM be an equivariant vector field, <p its flow, 7 C 
M a G-orbit that is not fixed by ip. Let (D, D' , Po,to) be an equivariant Poincare 
system around 7. Then after possibly shrinking D, there is a neighbourhood U of 
£ and a continuous map t : Li — > Cq(D',W + ) such that (D, D' , P(r)),t(r))) is a 
Poincare system for rj £ U, P(£) = P , = to, and P(rj) is defined in the obvious 
way. 

Proof. Since £(x) ^ T X D, there is a neighbourhood of £ such that for all fields r\ in 
this neighbourhood, r\{x) ^ T X D, after possibly passing to a subdisc. Hence, there 
is a small e x > such that ?^(x, t) ^ 13 for < t < e x and x ^ D {ip the flow of if). 
So the return time map t 1 is well-defined by i/j(y,t'(y)) € D and £'(7) close to T. 
Continuous dependence is obvious by the implicit function theorem. □ 

4. Transversality To Stratified Sets 

The theory of equivariant transversality is based on transversality to stratified 
sets, and we will therefore quickly review this theory. For proofs and a more detailed 
discussion, we once more refer to [T3], [10] and [I]. 

A stratified set is a topological space X together with a decomposition X = 
U a X a into a locally finite disjoint union of subspaces X a . The X a are required to 
be smooth manifolds, usually non-compact. 

It is apparent that in this generality, stratified spaces are not very well-behaved 
objects. We therefore assume firstly that the stratified space A is a subset of a 
smooth manifold M. Furthermore, we impose a condition on the stratification, 
which is known as Whitney's condition (b). 

Definition 3. A stratified space X satisfies Whitney's condition (b), or is Whitney 
regular for short, if the following holds. Let X a , Xp be two different strata of X 
and {a; n } ng N7 {j/n}nGN be sequences in X a , Xp, respectively, converging to a point 
x G X a . In a local coordinate system at x, let L n be the line joining x n and y n . 
Then, assuming that L n converges to a one-dimensional subspace L of T X M and 
the spaces T Vri Xp converge to a subspace E of T X M, we must have L C E. 
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Whitney's condition (b) implies Whitney's condition (a), which states that, 
whenever a sequence {x n }neN in a stratum Xp converges to a point x in X a and 
the subspaces T Xn Xp converge to a subspace E of T X M, then T x X a C E. 

Transversality to a stratified set can be defined in a straightforward manner. 

Definition 4. Let X be a stratified subspaces of the smooth manifold N, M a 
smooth manifold. / : M — > N is said to be transverse to X at x € M, if / is 
transverse at x to every stratum of X, i.e. if f{x) G A Q , then 

T x f(T x M) + T f{x) X a = T f{x) N. 

The most important examples of stratified spaces are algebraic sets or more 
generally semialgebraic sets. A semialgebraic set is a set Q C R™ such that there 
are polynomial maps p : R n R fe , g : R" — > R m with 

Q = {x e K" I p(s) = 0, q[x) > 0}, 

where q(x) > stands for the same relation componentwise. Semialgebraic sets 
come equipped with a canonical stratification. We elaborate in the following what 
that means. Let X C R™ be a subset and S be a stratification of X, that is, S is a 
collection of manifolds X a constituting a stratification. For ieNwe denote by Sj 
the set of strata of S of dimension i. Then a stratification S 1 is said to be minimal 
if, whenever S' is a Whitney regular stratification, then there is an index < 6 N 
such that Si = for i > £ and Si 3 S^. In this sense, a minimal stratification is 
the coarsest stratification of X. The following result is due to Mather, see Section 

4 of ng. 

Proposition 4.1. If a minimal stratification exists, then it is Whitney regular. 
Every semialgebraic set has a minimal stratification. 

We will mostly deal with algebraic sets. Transversality to an algebraic set will 
always mean transversality to the minimal stratification. We also call the minimal 
stratification the canonical stratification. 

It turns out, compare [20] or [4], that Whitney's condition (a) ensures that the 
set of maps transverse to a stratification is open. Whitney's condition (b) is needed 
for density and further properties. We quote the final result from |13j . Theorem 
3.9.1. 

Theorem 4.2. Let M, N be smooth compact manifolds and X C N a closed Whit- 
ney stratified subset. 

(1) The set M of smooth maps f : M — > N that are transverse to X is open 
and dense in C°°(M,N). 

(2) If H : M x [0, 1] — > M is a smooth homotopy and H t is transverse to X for 
every t G [0, 1], then there is a continuous isotopy k : M X [0, 1] — > M such 
that fc = id M and fc t (i? t _1 (X)) = Hq\X). 

In view of bifurcation theory it is useful to look at maps dependend on a param- 
eter. Hence, let H : M x A — » N be a smooth map, where A is a smooth manifold 
as well. This is of course just a special case of what has been done so far. But 
interpreting the space A as a parameter space, we would like to know what it means 
for the various maps H\ = H(-, X) to come from a map H transverse to some set 
X. 



EQUIVARIANT GENERICITY 



7 



Proposition 4.3. Let M,N,A be smooth manifolds and X C N a closed Whitney 
stratified subset. Let H : M X A N be a smooth map transverse to X . If M is 
compact, the set of parameters {A € A | H\ transverse to X} is open and dense in 
A. 

Proof. We will give a proof of this fact for G-transversality, compare Proposition 
15.21 The proof itself is very similar to what is needed here, so we leave the details 
to the interested reader. □ 

We need one more fact on Whitney regular stratifications, regarding the preim- 
ages under a transverse map. Classically, the preimage of a submanifold under a 
map transverse to that manifold is a manifold itself. A similar result holds for maps 
transverse to a Whitney stratification. This is Corollary 8.8 of [20 

Proposition 4.4. Let M, N be smooth manifolds and X C N a closed Whitney 
stratified subset. If f is transverse to X , then the sets f~ 1 (X a ) constitute a Whitney 
regular stratification of f~ x {X). 

5. EQUIVARIANT NON-DEGENERACY 

Non-equivariantly, non-degeneracy of a map / : M — > M is defined as transver- 
sality of the map (idju , /) : M — > M X M to the diagonal submanifold A = 
A(M) C M x M. Therefore it seems reasonable to define a notion of equivariant 
non-degeneracy similarly in terms of equivariant transversality. There are some 
slight pitfalls in this approach, but as we will show, the notion is sufficient to prove 
an equivariant Thorn-Mather Theorem for equivariantly non-degenerate maps. An 
interesting open problem is the question whether G-hyperbolicity implies equivari- 
ant non-degeneracy, which is almost trivial in the case with trivial group action. 

We start by defining equivariant transversality as in [13] or [2], where it is also 
shown that the following definitions are independent of all choices. As usual, the 
definition splits into the essential part of defining transversality to in a repre- 
sentation, and the generalization to manifolds. It is essential for the theory that 
for G-representations V,W, the Cq(V, R)-module Cq(V,W) is finitely generated 
and generators can be chosen as polynomial maps. This follows from an equivari- 
ant Stone- Weierstrass Theorem, compare [13], Lemma 6.6.1, and the references 
therein. 

Before we give the definition, we establish the general setting. Let V, W be 
G-representations and / : V — y W a G-map. We choose finitely many polyno- 
mial generators Fi,...,Fk for the Cq(V, R)-module Cq (V, W). Hence, there is a 
decomposition / = Y2%=i /» ' f° r G-maps fi : V — > K. We write 

k 

$ : V x M fe W, (v,t) i-t^U -Fi(v), 

i=l 

the universal polynomial, and 

r f :V^VxR k ,v^(v, h(v), f k (v)), 

the graph map associated with /. We have / = i?oT/. We define the universal 
variety S = E(V, W) as the set 

Thus, f(v) = if and only if T f {v) E S. 
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Definition 5. With the notation as above, a map / : V — > W is said to be 
equivariantly transverse to at if Tf is transverse to the stratified set £ at 0. 

Next, we carry over this definition to the case of maps between G-manifolds. For 
this again, we need some background construction. Let M, N be G-manifolds and 
/ : M — > N a smooth G-map. We choose a slice S x at x for the G-action and a 
G x -invariant neighbourhood U of f(x) such that f(S x ) C U. We can achieve that 
there is a G x -diffeomorphism 

C-.U-* T f{x) N 

such that C(f( x )) — 0- Furthermore, Tfr x \N splits as TjmP © Tfi^P 1 - and we 
can assume that £ maps U <1 P diffeomorphically onto Ttt x \P. The slice S x is 
Gz-diffeomorphic to V x — T x Gx^ via a G K -diffeomorphism ip : S x V x , satisfying 
<p(x) — 0. Let 7T2 : Tft x )P ® ^f(x)P be the projection to the second factor. Then 
the map F — n2 o ^ o f o ip : V x — > Tf/ x \P x has the property that F(v) — if and 
only if /(ip- 1 ^)) G P. 

Definition 6. Let M, N be smooth G-manifolds and / : M N a smooth G-map, 
P C N a smooth invariant submanifold. With the notation from above, we define 
/ to be equivariantly transverse (or G-transverse) to P at x, if either f{x) P, or 
else F is G^-transverse to at 0. 

Remark 1. It is easily seen that the notion of equivariant transversality is invariant 
under group translations. That is, if / : M — ^ N is G-transverse to the submanifold 
P C AT at x, then it is G-transverse to P at g.x. 

The following is the fundamental genericity theorem for equivariant transversal- 
ity, compare [13], Theorem 6.14.1 and [2], Proposition 6.5. 

Theorem 5.1. Let M,N be G-manifolds, P C iV an invariant submanifold. 

(1) If P is closed, the set of smooth G-maps f : M — > N G-transverse to P at 
all of M is open in the smooth Whitney topology. If M is compact, it is 
open in the C°° -topology. 

(2) The set of smooth G-maps f : M —¥ N G-transverse to P at all of M is 
the intersection of countably many open and dense subsets. In particular, 
it is dense, since C°°(M,N) is a Baire space. 

(3) If M is compact, P is closed and H : M x [0,1] — > M is a smooth G- 
homotopy, then there is a continuous equivariant isotopy k : M X [0, 1] — > M 
such that fc = id*/ and k 1 T l (H^ l (P)) = H ' 1 {P). 

(4) If f : M — > iV is G-transverse to the closed invariant submanifold P C N, 
then f~ 1 {P) has a minimal Whitney stratification. 

We proceed to establish some elementary properties of equivariantly transverse 
maps. Since not all the results are to be found in the literature in the specific 
formulation we need, we provide some of the proofs, where this is reasonable. 

Proposition 5.2. Let M, N, A be G-manifolds, A with trivial G-action, P C N an 
invariant submanifold. Let F : A x M —¥ N be a G-map G-transverse to P. Then 
the set of parameters A G A such that F\ : M N is G-transverse to P is residual 
in A. If P in addition is compact, this set is open. 

Proof. Openness in case of compactness follows immediately from genericity of G- 
transverse maps and thus from Theorem l5.ll We proceed to show density, where we 



EQUIVARIANT GENERICITY 



9 



follow j2]. We know from Theorem 15.11 (iv) that F~ 1 (P) has a minimal Whitney 
stratification. Let it : F^ 1 (P) — > A be the projection. We will show that Fx is 
G-transverse to P if A is a regular value for the restrictions of n to any stratum of 
F~ 1 (P). Then Sards theorem takes care of the rest. 

Clearly, if (X,x) ^ F^ 1 (P), then Fx is G-transverse to P at x. So assume 
F(X, x) G P. Working locally, we can assume M = V, N = W are G-representations, 
A = R e , F(X, 0) = and F is G-transverse to at (A, 0). We have to check in 
which circumstances Fx is G-transverse to at 0. Choose generators F\, . . . ,Fk 
of Cq (V, W) and write F(X,x) = Ylj=i fj{^i x ) ' Fj( x )i which is possible since G 
acts trivially on A. Let E A be the stratum of T,c(V,W) containing (0, /(A, 0)). 
Then E = A x E A is the stratum of E G (A x V,W) containing (A, 0, /(A, 0)). By 
assumption, the map (/x, x) <— > (/i, x, f(p, x)) is transverse to E at (A, 0) and we 
have to check under which conditions x M> (a;, f(X,x)) is transverse to E A at 0. 

Assume A is a regular value for the restrictions of the projection n : F" 1 (0) — >• A 
to the strata of F~ 1 (Q). Since F' 1 ^) = L F 1 (E G (A x V,W)), in particular the 
projection p : L^ 1 (E) — > A has A as a regular value, so 

T (A)0) (A xV) = T (A:0) L F 1 (E) +T V. 
By this and transversality of Tp to E at (A, 0), we have 

Tr F( A,o)(Axy xl') = T (Ai0) r F (T (A!0) (Axy))+T rF(Ai0) (E) 
= T Q T Fx (T V)+T rFi x,o)^) 
= T T Fx (T V)+TxA + T rFx(0) (^x). 
Since T rF(A ^ 0) (A x V x K fc ) = T A A + r rFA(0) (^ x R fc ), we see that 

T rFx(0) (V x R k ) = T L Fa (T V) + T rFA ( 0) E A 
which proves our claim. □ 

An important property of equivariant transversality is that we can draw con- 
clusions on the various fixed point maps f H : — > N H , considered as non- 
equivariant maps. More precisely it turns out that all these maps are transverse 
to the manifold P H , provided / is equivariantly transverse to P. This property is 
called stratumwise transversality of /. 

Proposition 5.3. Let M, N be G-manifolds, P C N an invariant submanifold. 
Let f : M N be a G-map G-transverse to P. Then for every isotropy subgroup 

H , the map 

f H : Mfa -+ N" 
induced by f is non- equivariantly transverse to P H . 

Proof. Again, we closely follow [2]. Working locally, we see that the set M{h) 
corresponds to the set S^f in a normal slice at x. So f H : M/jL — > N H is transverse 

to x e P H if and only if the map 1T2 o £ o / o ip^ 1 ; S% — > (Tff x -\P^-) H is transverse 
to at 0. Consequently, the whole problem reduces to the following special case. 
Let V, W be G-representations. If / : V — > W is G-transverse to at 0, then 
f G : V G -> W G is transverse to at 0. 

We write V = V G © A, W = W G © B and define Fi(v,a) = e t for i 

I dim W G = k, where ej is a basis for W G . Then we add generators Fi(v, a) — 
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Fi(a) , i = k + 1 , . . . , m, where the F are generators of Cq(A, B). Then Fx,..., F m 
generates Cq(V, W). For this special choice of generators, 

Y, G (V, W) = {{v, a, t) e V G x A x R m | t = (s, 0) e R m " fe x R fc , (s, a) e £ G (A, B)} 

which we can identify with V G x £ G (A, B) x {0} C V G x (ixl™^) xR fe . The map 
7ror/oj is equal to f G , where i : V G V is the inclusion, 7r : V r xR m_fc xR fe ->■ R fc 
the projection. Since / is G-transverse to at 0, we have 

Tbiy^) +T T f (A) +T rm E G (V,W) = V x R"\ 

But by definition of the generators, ToTf(A) is just TqT j (A) and since f\ A is 

G-transverse to at 0, the latter adds up with T Tf[ ( )£ G (A#) to A x R m " fc . 
Furthermore, 

T r/(0) £ G (V, = ^ G x T r/u(0) S G (A B). 
Thus, G-transversality of / implies that 

T T f {V G ) + V x R m - fc = V x M m . 
Composition with ir gives 

7o/ G (V G ) + {0} = M fe = W G . 
This is transversality of f G to at 0. □ 

We proceed to define the notion of equivariant non-degeneracy. As pointed 
out above, this is basically just equivariant transversality of the map (idM,/) to 
the diagonal submanifold, but we also add some extra generality by introducing 
parameters and dealing with maps out of submanifolds. 

Definition 7. Let M be a G-manifold, P C M an invariant submanifold and s a 
non-negative integer. Let / : P x R s — >• M be a G-map and tti : P x I s -> P be the 
projection onto the first factor. / is called equivariantly non-degenerate at a point 
(x, A) e P x I s , if the map (ttx, f) ■ P x W — > P x M is equivariantly transverse 
to the P-diagonal 

A = A(P, M) = {(x, x)\xeP}CPx M 

at (x, A). 

The main difficulty for the proof of an equivariant Thom-Mather Theorem for 
equivariant non-degeneracy is the density part. This comes from the fact that we 
would like to have a sequence (idM, fn) of equivariantly transverse maps converging 
to (idM j /) ■ But the equivariant Thom-Mather Theorem 15.11 only provides some 
sequence (/„,/„) with that property, with not necessarily the identity. So we 
have to proceed differently. 

The following lemma allows us to carry over genericity results from transver- 
sality to stratifications to equivariant transversality. It states that equivariant 
non-degeneracy is determined not only pointwise but locally by the transversal- 
ity property of a fixed graph map. 

We need some preparations before the actual statement. Let M be a compact G- 
manifold, P C M an invariant compact submanifold and s a non-negative integer. 
Let / : P x M s -)• M be a G-map and f(x, A) = x, G x = H. Let S x C P be a 
slice at x, U C M be an H- neighbourhood of x such that /(5a, X J) C U for a 
neighbourhood J of A. Let ( : U — > T^M be an B-diffcomorphism with C(2 ; ) = 
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and C(S X ) = T x Gx^ = V. We write (\ s = <p. By definition of cquivariant non- 
degeneracy, / is equivariantly non-degenerate at (x, A) if and only if the map 

F = it o (C x C) o (tti,/) o for 1 , id) :VxJ^ T^AiM) 1 - 

is ii-transverse to at 0, where tt : T X M x T X M -> T (a ,^)A(M)- L = W is the 
projection. Let F\, . . . , Fk be finitely many polynomial generators for Cjj(V, W), 

k 

i):FxI l 4f, {v,t)^^U-F t {v) 

i=i 

the associated universal polynomial, 

r F : V x J ^ V x M fe , (v,ti) («,/i(w,A»),...,/fc(w,/i)) 
the graph map of i 7 ". 

Lemma 5.4. Wtf/i f/ie setep as above, f is equivariantly non-degenerate at (y,fi) 6 
S x x J if and only ifT F is transverse to the universal variety $ -1 (0) at (<p(y),fj)- 

Proof. We only have to check the statement for points (y, fi) € S x x J such that 
/(y, /u) = y. Let v = f(y). A small ball C TyHv 1 - C V around u can serve as a 
normal slice for the ii-action on V at w, and the image S = <f~ 1 (S v ) is a normal 
slice for the G-action at y. Let K = G y and Z = S v — {v}, a ball around in a 
if -representation. We define 

C:U^T y M, C(z) = t(z)-v. 

Accordingly, ip' is given as ip'(z) — f{z) — v. Then equivariant non-degeneracy of 
/at (y, n) is equivalent to isT-transversality of 

F' = tto (C x C')° (tti,/)° (¥>'~\id) : Z x J ^ W. 

By definition of F'(z,/j,) = F(z + v,fi). We need to choose generators for 
C£?(Z, W) and we can take F- (z) = Fi(z + v). The universal variety is then given 
as 

k 

E' = /_1 (O) = {{z,t)eZxM k | ■ F i(z + v) = 0} 

»=i 

= {(z,t) <E Z xR k \ (z + v, t) £ £} 
= (S-{(w,0)})n(ZxM fe ) 

= (sn(s,xR l ))-{(«,o)} 

Furthermore, 

fc k 

F'{z, M ) = F(z + v,ti) = M z + v,n)-Fi(z + v) = Y^ h{* + v,/m)- 

i=i i=i 

and hence, 

IV(z) = {z,f 1 (z + v,fi),...,f k (z + v,fi))=T F {z + v) - (v,0). 

By definition, / is equivariantly non-degenerate at (y, fi) if and only if T F > is trans- 
verse to £' at (0,/i), which is equivalent by our calculations to ^f\ s being trans- 
verse to S fl (S v x M fe ) at (v, jti). But S v is a slice for the ii"-action, hence by trans- 
lation invariance of equivariant transversality, Ff\ s is transverse to Ed (S v x M fe ) 
at (v, if and only if Tp is transverse to £ at (v,^i). This proves our claim. □ 
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Theorem 5.5. Let M be a compact G-manifold and P C M a compact invariant 
submanifold. Then the space of G-maps F x I s -> M that are equivariantly non- 
degenerate in a compact subset K C P x M s is open and dense. 

Proof. Openness is immediate from Theorem 15.11 For density, let / : P x R s — > 
M be any G-map and (x, A) be a fixed point of / in K, i.e. f(x, A) = x. We 
choose a slice S x C P at x and a G^-diffcomorphism ip : S x — > V = TxGx 1 - 
such that ip(x) = 0. Furthermore, we choose a G^-neighbourhood U of X, a (-Ta; - 
diffcomorphism £ : U — >■ X^M and a neighbourhood J C W of A such that ((x) = 
and f(S x> J) C [/. We can choose ip and £ in way such that ( o tp^ 1 • V — > T X M is 
the inclusion, and we do so. 

Let 7r : T X M x T X M — > T X M, (v, w) h-> v — w. tt can be interpreted as the 
projection onto the orthogonal complement of the diagonal subspace oiT x M xT x M . 
In particular, G-transversality of (idjvf, /) is defined as G^-transversality of the map 

F : V x J -» T X M 

(v, A) h+ m<xC(^-», fif-^v), A)) = tt(«, C°/(^», A)) = v-Cof^iv), A)) 

to at 0. Let Fx, . . . , Fk be a finite set of polynomial generators for C^(V, T X M). 
Writing 

fc 

A) A) •*}(«), 

i=i 

we have the graph map 

Tp-.VxJ^Vx R fc , (u, A) h» («, /!(», A), . . . , /*(«, A)), 

and transversality of Yp to the universal variety E at is equivalent to G-transver- 
sality of (idjw, /) to A at (x, A). Define a map 

r : V x J x R fe -> V x K fe , («, A, 6) h> («, A) + b x , . . . , /*(«, A) + 6 k ). 

Then T is transverse to the universal variety at all of V x J x R fc . By Proposition 
15.21 there are arbitrarily small parameters b such that Y b = Y(-,-,b) is transverse 
to E at all of V x J. For any parameter 6, we obtain a G^-map i 7 * : V x J — > T X M 
via 

F b (w,A) =i9or b (w,A) 
and this in turn determines a G^-map 

f b :S x xJ^U, (y, (i) ^ CHrtv) ~ F h {y{y), /;)). 
By choosing b sufficiently small, this map f b is arbitrarily close to /L . By Lemma 
15.41 the unique G-map G.S X X J — »• M resulting from f b is equivariantly non- 
degenerate, since its graph map is Y b . 

Now assume we are given a neighbourhood U of /. For every orbit Gx of fixed 
points of /, we choose a slice S x and neighbourhoods J X ,U X as above. The sets 
G.S X x J x cover Fix(/) and by compactness, we find finitely many, centered around 
points (xi, Ai), . . . , (x m , A m ) <E Fix(/). Denoting the corresponding sets by Si, Ji, 
Ui for i = 1, . . . , m, we then replace / in Si x J\ by a map f b , constructed in the 
way sketched above, and extend uniquely to G.Si x Ji by equivariance. 

Clearly, this replacement can be smoothed to a G-map f% e U such that fi 
is equivariantly non-degenerate in a neighbourhood of G.Si x J% by choosing b 
sufficiently small. Now assume we have a map fk G U which is equivariantly 
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non-degenerate in the closure of \^j i= i(G.Si x J,). By openness of equivariant non- 
degeneracy, we can then alter fk in Sk+i X Jk+i to a map f\ such that the resulting 
map remains equivariantly non-degenerate in Ui=i (G.S'i x Jj). Inductively, we 
obtain a map f £ IA which is equivariantly non-degenerate in a neighbourhood of 
the set of fixed points of /. But given any neighbourhood U of Fix(/), there is 
a neighbourhood W of / such that no element of W has a fixed point outside of 
U. Hence, the whole construction can be carried out in a way such that /' has no 
fixed points outside of UlILi (C.S'i x Jj) and thus is equivariantly non-degenerate in 
K. □ 

We can now transfer the properties of equivariant transversality to equivariant 
non-degeneracy. 

Proposition 5.6. Let M be a compact G-manifold, P C M a compact invariant 
submanifold and f : P x R s — > M a G-map that is equivariantly non- degenerate 
in P x I for some subset I C M s . Then the set of parameters X € I such that 
fx:P^>-Mis equivariantly non- degenerate is open and dense. 

Proof. This follows from Proposition 15.21 applied to the diagonal submanifold. □ 

Proposition 5.7. Let M be a G-manifold, P an invariant submanifold, s a non- 
negative integer and f : P x M s — > M an equivariantly non- degenerate G-map. 
Then the set of fixed points of f of isotropy H is either empty, or a submanifold of 
P(H} x R s of dimension s — dim M H + dim P H . If this value is less than zero, it 
follows in particular that f has no fixed points with isotropy H . 

Proof. Clearly we can assume that P^j) 1S non-empty, otherwise, there are no fixed 
points of isotropy H. Since the map (idM,/) is equivariantly transverse to the 
diagonal, it is stratumwise transverse to the diagonal by Proposition l5.3l Hence, the 
preimages (idjvf; f H ) 1 (^(P H , M H )) are either empty, or submanifolds of Pnj) x ^ s 
of dimension 

dim P^ H) + s- dim P H - dim M H + dim P H = s - dim M H + dim P H . 

The last equality follows since H is an actual isotropy in P and therefore, (H) is 
the principal orbit type in P^jy implying that dimP^ = dimP H . □ 

Remark 2. Looking closer at the cases s = and s = 1, we remark the following. 
The set of fixed points of a G-map / : M M is generically a finite union of G- 
orbits. If G is infinite, only G-orbits of type (H) with dimW(H) = participate. 

For s = 1, the set of fixed points is generically a 1-dimensional submanifold 
consisting of two parts. A finite union of G-orbits of type (H) with dim W(H) = 1 at 
finitely many parameters, and a 1-dimensional manifold consisting of finite numbers 
of G-orbits of type (H) with dimW(H) = 0, parametrized smoothly by the R 
component. 

Corollary 5.8. Let M be a G-manifold and P C M a compact invariant subman- 
ifold such that 

dim P" H) + s < dim M H 

for an orbit type (H) of P. Then the set of G-maps M x M s — > M that have no 
fixed points of type (H) in P x R s is open and dense. 
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Proof. This is an immediate consequence of Proposition 15. 7\ together with the 
Density Theorem 15.51 □ 



Corollary 5.9. Let P be the finite disjoint union of boundaries of equivariant discs. 
Then the set of equivariant homotopies M X I —> M without fixed points in P is 
open and dense. 

Proof. By Corollary 15.81 it suffices to establish the estimate given there for equi- 
variant discs. Hence we assume that P is the boundary of an equivariant disc, 
centered at an orbit of type (H). Since all orbits in P have type lesser or equal 
than (H), we only need to check orbit types (K) < (H). Discs are defined in tubu- 
lar neighbourhoods, so we can assume M = G Xjj V for some £f-representation 
V = W V H with dimV H > 1. The boundary of the equivariant disc is then 
given byGxg S(L - L ), where L is a codimension 1 subspace of V with orthogonal 
complement contained in V H . Now we can estimate 

dim P { K K) + 1 - dim M K = dim(G x H 5(1^))^ + 1 - dim(G x H V) K 

= dim(G x H S{Lf K) ) K + 1 - dim(G x H W x V H ) K 
= dim(G x H S(W (K) )) K + 1 - dim(G x H W) K 
- dim V H 

< dim(G x H S(W (K) )) K -dim(G x H W) K 

< dim(G x H S( W)) K - dim(G x H W) K < 0. 

For the last estimate, we have used that dim W K > 1. since otherwise, P^k) would 
be empty and there would be nothing to prove. We conclude that equivariant 
homotopies M x I — > M in an open and dense subset have no fixed points in 
P of type (K). Since there are only finitely many orbit types in P, the claim is 
proven. □ 

We summarize the results of this section in a Thorn-Mather theorem for equi- 
variant non-degeneracy. 

Theorem 5.10. Let M be a smooth compact G-manifold, P C M an invariant 
compact submanifold. Let K be a compact subset of P x M. s . 

(1) The set Mk of smooth G-maps P x I s -) M that are equivariantly non- 
degenerate in K is open and dense. 

(2) Lf s = X, K = P x [0, 1] and H : P x M. s — > M satisfies the condition that 
H t is equivariantly non- degenerate for all parameters t £ [0, 1], then there 
is a continuous equivariant isotopy k : P x [0, 1] — > P such that ko = idp 
and fct(Fix(if t )) =Fix(if ). 

Proof. Part (i) has been proven as Theorem [531 part (ii) follows immediately from 
the definition of equivariant non-degeneracy and Theorem 15.11 □ 

Remark 3. We point out that we have established the following bifurcation picture 
for G-maps. Generically, a G-map has finitely many fixed points such that for their 
isotropy groups, we have dimW(H) = (by Proposition I5.T|) . A homotopy of 
G-maps has finitely many bifurcation parameters (by Proposition 15. 6j) and finitely 
many branches of fixed orbits undergo finitely many bifurcations (again bv !5.7l and 
by Theorem 15. 101 (ii)). Along these branches, again dimW(H) = holds. 
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As a conclusion to this chapter, we give some simple examples of calculations of 
equivariant non-degeneracy. 

Example 1. (1) Let G = Z 2 and V be the standard 1-dimcnsional represen- 
tation of Z 2 . A G-map / : V x R s ->■ V has the form /(«, A) = v ■ h(v, A) 
for an invariant map h : V x M s — >• M. (u, A) is a fixed point of / if either 
v = 0, or else h(v, A) = 1. If v 7^ 0, then equivariant non- degeneracy is just 
ordinary non-degeneracy. So we assume v = 0, implying that Gt, = Z2. 
Equivariant non-degeneracy is then defined as equivariant transversality of 
the map V xR s xV, (v, A) n> (u, w • h(v, A)). 

After projecting to the orthogonal complement of the diagonal, we have 
to check Z 2 -transversality of the map v t-> v ■ (1 — h(v, A)) to at 0. As 
generator for Cg(V, V) we choose the identity. The universal variety is thus 
given as 

£ = {(v,t) | *•« = ()}, 
which is stratified by {0} and S \ {0}. The graph map of / is 

r f (v,X) = (v,l-h(v,X)). 

If h(0, A) = 1, then 1^(0, A) = (0, 0) and T f is transverse to {0} at if and 
only if Tt \\Tf is surjective. This is the case if and only if d\h(0, A) 7^ 0. 

If h(0, A) ^ 1, then r/(0, A) G S \ {0}. The tangential space of S in this 
case is the j/-axis and therefore, / is equivariantly non-degenerate without 
further conditions. 

In conclusion, / is equivariantly non-degenerate at (0, A) if either h(0, A) 
equals 1 and d\h(0, A) 7^ 0, or else h(0, A) 7^ 1. 

Ordinary non-degeneracy of / at (0, A) would require d\f(0, A) 7^ or 
h(0,X) 7^ 1. Since d\f(0, A) = necessarily, equivariant non-degeneracy 
detects the maps with h(0, A) = 1 and d\h(0, A) 7^ as generic. 
(2) Let G = S 1 and V the standard 2-dimensional representation. Again, the 
interesting hxed points of an § 1 -map f : V xR s ^ V are the points (0, A). 
In that case, we have to check equivariant transversality of the § 1 -map 

F : V x R s -> V, (x, y, A) ^ (x, y) - f(x, y, A). 

As generators for C|f (V, V) we choose 

Fi(x,y) = (x,y), F 2 (x,y) = {-y,x). 

Writing f(x, y, A) = a(x, y, A) • (x, y) + b(x, y, A) • {-y, x), we have 

T F (x, y, A) = (x, y,l- a(x, y, A), -b(x, y, A)). 

The universal variety S is given by the equations — = 0, sy + tx = 0, 
hence, this is just {(0,0)} x M 2 U R 2 x {(0,0)}, stratified by {(0,0,0,0)} 
and E\ {(0,0, 0,0)}. 

Again we have two possibilities. We assume first that a(0,0, A) = 1 and 
6(0, 0, A) = 0. In that case, Tp(0, 0, A) = (0, 0, 0, 0) and Tp is transverse to 
zero if and only if T^o,a.\)^F is surjective. This is the case if and only if the 
matrix 

(cV(0,0,A),d A 6(0,0,A)) T 
has rank 2, i.e. there are 1 < i,j < s such that 

d Xt a(0, 0, A) • d Xj b(0, 0, A) - d X] a(0, 0, A) • 9 Ai 6(0, 0, A) ^ 0. 
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In particular this is never the case if s < 1. 

The other possibility is that a(0, 0, A) ^ 1 or 6(0, 0, A) ^ 0. In that 
case, IV(0,0, A) £ {(0,0)} x R 2 and Tp is transverse to X without further 
conditions. 

In conclusion, (0,0, A) is a non-degenerate fixed point if either T( .o,a)/ 
is not the identity, or else, s > 2 and the matrix 

(d x d x h(0,0,\)\ 

is regular. 

6. Genericity of Non-Degenerate Vector Fields 

We proceed to the investigation of equivariant vector fields and establish the 
following setting. Let O C M be an open subset and let a, b be two real numbers, 
< a < b. The set of (parametrized) G-vector fields £ : M x R s -> TM such that 
there is no periodic point of £ on d(tt x (a, b)) is denoted with 3Lq{M x R s , f2, a, 6). 
The periodic orbits of an element £ £ %g(M x R s , fi, a, 6) lying inside of VI x [a, 6] 
are called the essential periodic orbits, otherwise they are called inessential. Note 
that the condition to be an element of Xg{M x R s ,f2,a, b) means that there are 
no periodic orbits of a period in [a, b] meeting the boundary of fl, and there are no 
periodic orbits in of period a or b. The notion of equivariant non-degeneracy of 
a vector field is the following. 

Definition 8. Let £ € X G (M x R s , 17, a, b) be a vector field, <p : M x R x R s its flow. 
Then £ is called equivariantly non-degenerate at a point (x, t, A) 6 fl x (a, 6) x R s 
provided its flow is equivariantly non-degenerate at that point. 

The proof of density of equivariantly non-degenerate G-vector fields depends on 
a geometric construction which stems from |10j . The techniques of the preceeding 
section seem not be be adjustable to this case, since the additional condition of the 
maps under consideration to be flows prevents any straight forward adaption. 

Lemma 6.1. Let H be an element of Xq(M x R, f2, a, b) and ^\ be an essential 
periodic orbit of H\. Choose a Poincare system (D,D',P\,t\) for ^\ such that 
the Poincare maps of all fields in a neighbourhood U\ of H\ are defined as maps 
D' — >• D. Let V, U be invariant open neighbourhoods of j\ such that 

xeD' 

and 

for x € V fl D' and ji in a neighbourhood of X, say, if |A — fj,\ < Ze, e > 0. Let P 
be the homotopy 

P : D' x [A - 3e, A + 3e] -> D 
given by the Poincare maps of the H^, /j, £ [A — 3e, A + 3e]. Then there is a neigh- 
bourhoodU in the set of G -homotopies D' x [A — 3e, A + 3e] — > D equal to P outside 
of V fl D x [A — 2s, A + 2e] and a continuous map \ : U — > Xg(M x R, fi, a, b) such 
that 

(1) for Q G hi, x{Q)n has Poincare map for |A — fi\ < e. 

(2) for Q £ U, x(Q) equals H outside of U x [A - 2e, A + 2e]. 



EQUIVARIANT GENERICITY 



17 



(3) X (P) = H. 

Proof. Let t% be the period map of an element £ of ti\, i.e. t% is the minimal 
t G M >0 such that (f^(x,t^(x)) G D. Since 7a is a periodic orbit and by definition 
of an equivariant Poincare system, we have 

to = inf inf tt(x) > 0. 

Choose real numbers r, s with < r < s < to- Let Q : D' x [A — 3s, A + 3s] — > D be 
any G-homotopy equal to P outside of VCiD' x [A — Is, A + 2s] . By choosing Q close 
enough to P, we can assume that P^ 1 o Q (where P _1 is to be taken fibrewise) is a 
G-embedding that is equivariantly isotopic to the inclusion D' x [A — 3e, A + 3s] 
D x [A-3e,A + 3e]. Let 

K : 77 x [A - 3s, A + 3s] x [r, s] -> D x [A - 3e, A + 3e] 

be an isotopy joining the two maps. For the flow ip of H, define 

ip(y,(*,t) = <p(K(y,fj,,t),i) 

for y e D', [i G [A — 3s, A + 3e], t € [0, where we extend if smoothly to the 

interval [0, to] such that ifo = K r , K s = K to and every K t is equal to the inclusion 
close to the boundary of D' x (A — 3s, A + 3e). We have ip = <p in a neighbourhood 
of the boundary of D' x [A — 3e, A + 3e]. By choosing Q sufficiently close to P, 
we can achieve that none of the curves t <-> tp{y, /x, t) meet M — U. Now <p M is an 
embedding when restricted to the interval [r, s] and the set of embeddings is open. 
Thus, Vv can be made an embedding, too. Take \x G [A — s, A + s] and define 

r/^ is a G- vector field defined on the image of ip^. Extend rj to a homotopy on 
M x [A - 3e, A + 3e] such that »j M = outside of [/ x [A - 2e, A + 2e]. Clearly, this 
extension can be done continuously in Q. The integral curves of r/ for |A — ji\ < s 
are, up to reparamctrization, just the curves t <— > ip(y,/j,,t) and we calculate 

4>{y, V, t»{y)) = f(K(y, n, tp{y)), m, t^(y)) = tp(P~ l o Qp{y),n, t^yj) = Q^y). 
So the Poincare homotopy induced by 77 in [A — e, A + e] is given by Q. The defini- 
tion x(Q) = V gives the desired result. □ 

Next we prove openness of equivariantly non-degenerate homotopies and a slightly 
more general result we will need in the proof of the density theorem. 

Proposition 6.2. Let H G Xg(M x E, 0, a, b) and H is equivariantly non-degene- 
rate in the compact subset KxJCQxICMxM.. Then there is a neighbourhood 
U of H such that every element ofU is equivariantly non- degenerate in K x J. 

Proof. Since H is equivariantly non-degenerate, the map 

F : M x R x [a, b] — > M x M, (x, t, A) — > (x, ip\(x, t)) 

is G-transverse to the diagonal in K x J x [a,b], <p the flow of H. By openness 
of G-transversality, we find a neighbourhood U\ of F such that all elements of U\ 
are G-transverse to the diagonal in K x J x [a,b]. Clearly, if H' is close to H, the 
associated map F' is close to F, so we find a neighbourhood U of H of equivariantly 
non-degenerate maps in K x J x [a, b], i.e. all essential periodic orbits in K x J are 
equivariantly non-degenerate. □ 
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With these two auxiliary results at hand, we can prove genericity of equivariantly 
non-degenerate homotopies of vector fields. It is based on the proof of the non- 
equivariant Kupka-Smale theorem as can be found in |23j . 

Theorem 6.3. The subset of Xg(AI x [0, 1] , f2, a, b) consisting of equivariantly 
non-degenerate G -homotopies is open and dense. 

Proof. Openness is a trivial corollary of the preceeding proposition. It therefore 
remains to prove density. We proceed in 5 steps. 

(1) Take a homotopy H £ 3Lq(M x M, fl, a, b) and let U be any neighbourhood 
of H . Let r C fl x (a, b) be the set of essential geometric periodic points 
of H, i.e. (x, A) S r if and only if there is a t S [a, b] such that ip\(x, t) G 
Gx. By assumption, T is compact. Choose an equivariant Poincare system 
{D 1 , Z? 7 ,p 7 , t 7 ) for every essential periodic orbit 7 of H in such a way that 
in a neighbourhood Z// 7 of H , all the Poincare maps of elements of W 7 are 
defined as maps D'^ — > D 1 . If 7 is a periodic orbit of H\, we find an e 7 > 
such that the Poincare maps of for |A — /1 < 3e 7 constitute a Poincare 
homotopy 

P : D' y x [A - 3e 7 , A + 3e 7 ] -> D 1 

and so do all elements of . 

(2) Choose open invariant neighbourhoods W 7 C V 1 C U 1 of the underlying 
geometric orbit of 7 such that W 7 C V 1 and 

t7 7 c |J ^([0,t M (x)]), 
leu; 

<Pn(x, [0,t M (x)]) C [/" 7 

for all flows y> of elements in t/ 7 and all a; € V ^ D -D 7 , /i € [A — 3e 7 , A + 3e 7 ]. 

(3) The sets W 1 x (A — e 7 , A + e 7 ) cover T and we find a finite subcover, cor- 
responding to orbits 7 1; . . . , 7 m at parameters Ai, . . . , A m . For simplicity, 
let 

Wj=W yj x (Aj - 3e 7j , Aj + 3e 7j ) 
and Ej = e 7i , j = 1, . . . ,m. Define W = Wi U • • • U W m and U\ — U 11 fl • • • fl 
U lm . Then K — il x I — W is compact and all periodic orbits of if meeting 
if are inessential. So the same holds in a neighbourhood of if which we 
can assume to contain U\ . We conclude that every G- homotopy H' in U\ 
satisfies 

- H' e U. 

- All periodic orbits of H' meeting K are inessential. 

- Lemma [6.11 is applicable to H' , the sets V lj ,U lj and the respective 
Poincare system (£> 7j , D'^. , p'^. , ^ ) . 

(4) Assume that we have constructed a G- homotopy Hk, < k < m — 1, 
such that .fffc G all periodic orbits meeting K are inessential and Hk is 
equivariantly non-degenerate in W\ U • ■ ■ U Wk- We find a neighbourhood 
Wfe of Hk such that every element of W& is equivariantly non-degenerate in 
Wi U • ■ • U Wk- Now we apply Lemma loTTl to Hk, the sets V lk+1 , U lk+1 and 
the corresponding Poincare system. We find a neighbourhood Vfc+i of the 
induced Poincare homotopy and a map Xk+i ■ Vfc+i — > Xg(A/ x R, O, a, 6) 
with the properties stated in the lemma. So we can use the genericity 
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results for equivariantly non-degenerate homotopies of maps. Choose an 
equivariantly non-degenerate homotopy 

W Jk+1 n D' lk+i x [A fc+ i - e k+ i, X k +i + £k+i] -> D Jk+1 

and extend it to a G-homotopy 

Q : {U lk+1 C\D' lk+i ) x [A fe+ i - ?>E k+l , A fc+1 + 3e k+1 ] -> £> 7fe+1 

that is equal to the Poincare homotopy of H k outside of 

V lk+1 n D' lk+1 x [Afc+i - 2e k+ i,\ k+ i + 2e fc+ i] . 

By choosing the initial homotopy close to the Poincare homotopy, we can 
achieve that Q e V k +i and x(Q) € Wfc n Wi. Define Hfc+i = x(<9)- 
By construction, H k +i is equivariantly non-degenerate on W k +\. Since 
fffe+i £ Wfe, H k+ i is equivariantly non-degenerate on W\C\ ■ ■ ■ P\W k +\. 
Since H k+ i G Wi, H k +\ € W and all periodic orbits meeting if are inessen- 
tial. 

(5) Arriving at H m , this homotopy is an element in IA, equivariantly non- 
degenerate in W\ U ■ • • U W m 2 fix I— If and all periodic orbits meeting K 
are inessential. So H m is equivariantly non-degenerate, proving our claim. 

□ 

7. Construction of the Index 

The idea for the construction of the index dates back to a paper of Chow and 
Mallet-Paret [7] , who gave a bifurcation theoretical definition of the ordinary Fuller 
index. One assigns the fixed point index of an associated Poincare map to an iso- 
lated periodic orbit. Using genericity theory, it becomes clear that a corrective 
factor has to be introduced to handle period multiplying bifurcations. The main 
properties are then derived using genericity theory. So all we need for the definition 
is an index for equivariant maps that counts fixed points, distinguished by symme- 
try. Such an index is easily obtained from an equivariant Lefschetz number in the 
sense of [18]. Indeed, assume that / : G x# M(V) — > G xj V is a G-map without 
fixed points on the boundary. Then the set of fixed points of / is contained in the 
interior of G x# B(V) and it is easy to see that / is equivariantly homotopic to 
a map / : G Xh B(V) ->Gxb M(V) which is equal to / in a neighbourhood of 
Fix(/). The equivariant fixed point index of / is then defined to be the equivariant 
Lefschetz number of /. 

We recall that an equivariant Lefschetz number of a self-map of a G-CW complex 
can be defined as an element of the torn Dieck ring 

U G = 0Z-(if), 

(H) 

the sum ranging over the isotropy subgroups of G, compare [IB] or [5], where in 
the last reference we have to modify the augmentation map in order to count fixed 
points rather than fixed orbits. The basic property of such a Lefschetz number is 
the fact that non-vanishing of the (iJ)-component implies existence of an orbit of 
fixed points of type at least (12"), with respect to the partial order of isotropy types. 

Next, we assume that M is a G-manifold and / : M — > M a G-map with finitely 
many orbits of fixed points. Then a fixed point index of / is defined via additivity. 
More precisely, take a fixed point x of / and let 7 = Gx. Since 7 is isolated, there 
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is a pair of tubular neighbourhoods U' C JJ 1 such that 7 is the unique orbit of fixed 

points of / in U 1 and /(£7 7 ) C ?7 7 . The local fixed point index of / is the element 
of Ug defined above and is denoted by 

i G (/,C/ 7 ,t/ 7 )eU G . 

Then 

i G {f,M) = Y J iG{f,U' 1 ,U 1 ) 

7 

is the equivariant fixed point index of /, the sum ranging over the finitely many 
orbits of fixed points of /. It is also evident, using G-homotopy invariance of the 
Lcfschctz number, that for general G-maps, the fixed point index can be retrieved 
via approximation. In a similar fashion we can define an equivariant fixed point 
index z G (/, U, M) of a G-map /:{/-> M, where U is an open invariant subset of 
M such that / has no fixed points on the boundary of U. 

We turn to the construction of the equivariant Fuller index. The general setup 
is as follows. Let M be a compact G-manifold, f2 C M an invariant open subset, 
< a < b < 00 real numbers. Let £ be a smooth vector field in 3E G (M, O, a, b). 
Assume that £ has finitely many isolated essential periodic orbits 71, . . . ,j n . Let 
pi,...,p n be their minimal periods, T\,...,T n £ [a,b] their periods, such that 
Tj = kj ■ pj for some kj £ N and every j £ {1, . . . , n}. Choose equivariant Poincare 
systems (Dj, Dp Pj,tj) around any point on 7j for each j. The equivariant Fuller 
index is defined to be 

n n \ 

3=1 3=1 3 (H) 

Clearly, the equivariant Fuller index does not depend on the choice of Poincare 
system, because any two of these for the same orbit are joined by an equivariant 
isotopy (namely the flow of £). For arbitrary G-vector fields £ £ Xo{M,Cl,a,b), 
we define the equivariant Fuller index to be the limit of the Fuller indices of a 
sequence of equivariantly non-degenerate fields converging to £. We will establish 
in the following that the index is well defined. This will come out along the lines 
when we prove the basic properties of the index, namely homotopy invariance, the 
solution property and additivity. We start with the last. 

Proposition 7.1. The equivariant Fuller index is additive, that is, if VL\,Q,2 are 
disjoint, invariant, open subsets of Q such that all essential periodic orbits of £ £ 
XG(M,Q,a,b) are contained in (fii U f^) x (a,b), then 

= /£(£, no + n 2 ). 

Proof. Immediate from the definitions. □ 

If H : M x / — > M is any equivariantly non-degenerate homotopy, we have finitely 
many bifurcation parameters. Let A be such a bifurcation parameter, then we call 
the periodic orbits of H\ which are the limit of a sequence of periodic orbits 7„ of 
H\ n , X n — >• A, A„ ^ A, the limit periodic orbits of H\. We will choose equivariant 
Poincare systems around these orbits and vary them slightly to obtain Poincare 
homotopies. 
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Proposition 7.2. Let £o,£i be two equivariantly non- degenerate G -vector fields 
that are G-homotopic via an equivariantly non-degenerate homotopy. Then their 
equivariant Fuller indices are equal. 

Proof. Since the fields are equivariantly non-degenerately homotopic, we can dis- 
tinguish between two cases. 

1. There are no bifurcation parameters in the interval [Ai,A2]. In this case, we 
choose disjoint equivariant Poincare systems around the finitely many periodic 
orbits of H\ 1 . These systems will be Poincare systems around the periodic 
orbits for Ai + £ for e > small. The Poincare maps induce a non-degenerate 
homotopy of Poincare maps, so the local fixed point indices of the fixed points 
corresponding to periodic orbits do not change. By compactness of [Ai, A2], the 
equivariant Fuller index does not change during this part of the homotopy. 

2. There is precisely one bifurcation parameter A £ (Ai,A2). In this case, H\ 
is degenerate. Let 7 be a limit periodic orbit of H\ and p be its minimal 
period. Let (D,D',P,t) be an equivariant Poincare system for 7, considered 
with minimal period p. By choosing D small enough, there is an extension of P 
to an equivariant Poincare homotopy, again denoted by P, for /i£ [A — e, A + e] 
and some e > 0, and we can achieve that the only fixed points of P M lying in 
D are those on branches converging to 7. Denote the finitely many branches 
converging to 7 from the left of A by 

where k runs through the integers and indicates that the minimal period of Vj 
approaches k ■ p for j — 1, . . . , as the branch approaches 7. Let P_ = P{— e), 
P+ = P{e). We choose small equivariant discs M*,...,M* , centered at the 
fixed points of P_ corresponding to the geometric orbits u^(— e), . . . , (— e). 
Furthermore, we choose equivariant subdiscs M'\ C M* , . . . , such that P_ re- 
stricts to a map Mj — > Mj° , j = 1, . . . , r^, for all k involved, and the iterates of 
P_ do so as well. We need only finitely many iterates of P_ , hence this condition 
can be fulfilled. We have a homotopy P between P_ and P+ which is equivari- 
antly non-degenerate at every stage except for the parameter A. By Theorem 
15. 9i we find a homotopy P' arbitrarily close to P that is non-degenerate and has 
no fixed points on the union of the boundaries of the discs M ■ . In particular, 

PL has all its fixed points inside of the discs M'j for the various j, k and P'_ is 
admissibly homotopic to P_, i.e. their fixed point indices are equal. But then, 
also P_ and P+ are admissibly homotopic, so we find 

i G {PtD',D)=i G {Pl,D\D) 

for all k. For simplicity, write H\- e = H-, H\ +e = H + . We claim that the 
equivariant Fuller indices are given by the sums 

i$(H_,n)= V --t G (PL\D'), 

A — ' n 

n • p G [ct, b] 

I$(H + ,Q)= --iaiP^D'), 
^-^ n 

n ■ p G [a, b] 

which would immediately yield equality of the two terms. 
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We calculate 

r jk 

j ■ k p e[a,b] s=l - ? 

On the other hand, to calculate the fixed point index of P™ in D' , note that the 
branches bifurcate with period k ■ p from 7. Such a bifurcation induces the 
bifurcation of a fc-fold covering space of S 1 in the group quotient. That is, we 
have k fixed points of the k-th iterate of the Poincare map P_ bifurcating, all of 
which have the same local index, since their Poincare systems are equivariantly 
isotopic via the flow. Their index is given by ia(P_, Mf). Hence, we have a 
contribution of k ■ Ig{P- , M^) of these fixed points to the fixed point index of P^ 
in D'. Clearly, if k divides n, then P™ has these fixed points in Mjf as well, and 
these contribute k ■ 2g(P™, AP/) to the index of P™. Summing all these indices 
up, we obtain 

1 **" k 

-i G (P?,D>) = J2E--*e(P-,M*) 

k-j=n s=l 

= E Y,)-i G (Pi k ,M*). 

k-j—n s—1 

This finally gives 

£ U G {P^D')= J2]- l e( p - k , M s)=I$(H-,n). 

n • p 6 [a, 6] j • k • p G [a, 6] s—1 

The whole calculation did not depend on the fact that we were working with P_ 
instead of H + , and we get the same calculation on the right hand side, verifying 
equality of both equivariant Fuller indices. 

Since the equivariant Fuller index remains unchanged in both cases and we have 
only finitely many bifurcation parameters, the proposition follows. □ 

This was the hard part of the invariance theorem. The rest follows easily by 
standard methods. 

Lemma 7.3. If two equivariantly non-degenerate vector fields 

are equivariantly nomotopic, then they are already equivariantly non- degenerately 
horaotopic. 

Proof. Let Uq be a neighbourhood of £o such that all elements of Uq are equiv- 
ariantly non-degenerate. We can furthermore achieve that all elements of Uo are 
pairwise homotopic via a homotopy not leaving Uq. Hence, all elements of Wo are 
equivariantly non-degenerately homotopic. We can find a similar neighbourhood 
U\ of £1. Now if H e Xg(M x M, ft, a, b) is a homotopy joining £ an d £1, we find an 
equivariantly non-degenerate homotopy K arbitrarily close to H. In particular we 
can find such a if so that K$ £ Wo, K\ S U\. Pasting together K and equivariantly 
non-degenerate homotopies joining £o with Kq and K\ with £1, respectively, we 
obtain an equivariantly non-degenerate homotopy joining £ an d £1 ■ □ 
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We have finally arrived at the result that the equivariant Fuller index is a G- 
homotopy invariant. 

Theorem 7.4. The Fuller index is invariant under admissible G-homotopies. 

Proof. If £o,£i € %g{M,Q, a, b) are nomotopic equivariant vector fields and the 
element H e Xg(M x R, ft, a, b) is a G-homotopy between them, choose an equiv- 
ariantly non-degenerate homotopy K £ Xq(M x R,f2, a, b) such that i^o is in a 
given neighbourhood % of £o, -Ki is in a given neighbourhood of £1. Since the 
Fuller index is locally constant in £, the theorem follows from Proposition [72] □ 

Being a homotopy invariant implies that the index is locally constant in the set 
of equivariantly non-degenerate fields, so it is well-defined for arbitrary G-vector 
fields by approximation. 

Corollary 7.5. The equivariant Fuller index is locally constant and hence well- 
defined. 

We summarize all the properties of the equivariant Fuller index established so 
far. 

Theorem 7.6. The equivariant Fuller index has the following properties. 

1. It is invariant under admissible G-homotopies, i.e. if H G Xg(M x R, 57, a, b), 
then 

Ip(H t ,tt) = const. 

2. It is additive, i.e. if fl\,fl2 are disjoint invariant open subsets of fl and all 
essential periodic orbits of £ £ Xq{M,Q, a,b) are contained in f?i Uf22> then 

3. It is normalized. If £ has a single periodic orbit in x (a, b) of periodicity k and 
(P,D',D,t) is an equivariant Poincare system for the orbit, then 

I${t,Sl) = ^®i G {P,D',D). 

4- It has the solution property. If the projection it(u) t° ^ e {H)- component of 
Q®U G o//£(f,fi) is not zero, then £ has an essential periodic orbit in 51 of 
type at least (H). 

Proof. All statements are obvious, the last one being a trivial consequence of the 
corresponding result for the fixed point index. □ 
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